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Abstract

The image formation of high-voltage, high-resolution
electron microscopy of ordered alloys has been studied
on the basis of many-beam dynamical diffraction
theory. It is revealed that superstructure images are
observable for a rather thick crystal when nearly
kinematical relationships hold among certain beams of
the superlattice reflections; these beams are almost in
phase and have amplitudes proportional to their struc-
ture factors. Thickness dependences of the phase differ-
ences and the scattering amplitudes are calculated for
the superstructure of DO,, type of the gold-based alloys
Au;X (X = Mg, Zn and Cd). The results are discussed
in connection with the difference in atomic scattering
factors of the constituents X. The contrast of the
superstructure image is discussed in terms of the
amplitude—phase diagram of the superlattice reflections.

I. Introduction

The many-beam imaging technique has been developed
for high-resolution electron microscopy to investigate
structures of crystalline and amorphous materials
(Iijima, 1971). Amelinckx and his colleagues have
made extensive high-resolution studies on ordered
alloys using 100 kV electron microscopes [ Amelinckx,
1978-79; Van Tendeloo, 1980]. The many-beam
imaging technique with the use of a 1 MV electron
microscope has been applied to the study of super-
structures of gold-based alloys with Cd, Mn and Mg
(Hiraga, Hirabayashi & Shindo, 1977; Hiraga, Shindo,
Hirabayashi, Terasaki & Watanabe, 1980; Terasaki,
Watanabe, Hiraga, Shindo & Hirabayashi, 1980). In
these observations, the solute atom positions projected

0567-7394/82/030310-08%01.00

along the incident beam appear as either bright or dark
dots, and can be identified at the atomic level from
comparison with the calculations based on dynamical
diffraction theory. In this respect, high-voltage, high-
resolution electron microscopy [HVHREM] is a power-
ful means for the investigation of ordered structures
(Hirabayashi, 1980; Hirabayashi, Hiraga & Shindo,
1981).

High-resolution images which are interpretable in
terms of ordered atomic arrangements are called
superstructure images (Hiraga, Shindo & Hirabayashi,
1981). These images do not reflect a projection of
crystal potential itself, which may be interpreted in the
weak-phase-object approximation, but exhibit the atom
columns of constituent B in 4 ; B alloys projected down
along the incident beam. The superstructure images are
contributed dominantly by superlattice reflections rather
than fundamental reflections.

We have observed previously the superstructure
images of Au—Cd alloys of several hundred angstrémis
thickness. In the successive experiments on such alloys
as Au—Mg, Au—Mn and Au-Zn, however, we noticed
that the superstructure images were not always observ-
able for foils as thick as in the case of the Au—Cd alloy.
It is worthwhile, therefore, to clarify the theoretical
background for the formation of superstructure images
of ordered alloys. In this paper, we first deal with the
dynamical electron scattering from ordered alloys using
the multislice formulation (Cowley & Moodie, 1957;
Cowley, 1975). Then we examine the amplitude of
superlattice reflections as a function of crystal thick-
ness for the superstructure of DO,; or Al,Zr type
(space group I4/mmm) of Au,X alloys (X = Mg, Zn
and Cd). Finally we discuss the contrast of super-
structure images in terms of the amplitude—phase
diagram of superlattice reflections.

© 1982 International Union of Crystallography
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II. Dynamical electron scattering from ordered alloys

We consider an ordered alloy with orthogonal axes. A
hypothetical electron diffraction pattern of the alloy is
illustrated in Fig. 1. Dynamical scattering effects on a
superlattice reflection may be described taking into
account three assemblies of scattering vectors {U,},
{U,} and {U,}: {U,} correspond to the scattering from
fundamental reflections, {UZ} the scattering from
superlattice reflections with the reciprocal-lattice vec-
tors for fundamental reflections, and {U, } the scattering
from superlattice reflections with the reciprocal-lattice
vectors for superlattice reflections. The vectors u, u’
and u§ in Fig. 1 are components of {U,}, {U,} and
{U, }, respectively, for the superlattice reflection S,. The
superscripts s and f refer to superlattice and funda-
mental reflections, respectively. There is a relationship
between the superlattice reflections S, and S,,

u$ = u/ + us. 1)

According to the multislice formulation for
dynamical electron diffraction theory, the wave func-
tion of a diffracted beam at the nth crystal slice is
written as

¥, () = {¥,_,(u) P(w)} +Q(u), (2

where P(u) is the propagation function and Q(u) is the
transmission function (Cowley, 1975). P(u) is given as

P(u) = exp (midzlul?), 3)

where 4 is the wavelength of the incident electron and
Az is the thickness of one crystal slice. In the
weak-phase-object approximation, the transmission
function is given as

Q(u) = F [exp (iop(r) 4z)]
~ 1 + ioe(r) Az], ()]

QO ——

h,H

Fig. 1. Schematic representation of a section of reciprocal lattice
for an ordered alloy. Open circles and small dots indicate
fundamental and superlattice reflections, respectively.
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where o is the interaction constant and ¢(r) 4z is the
projected crystal potential for the thickness 4z. In the
case of ordered alloys A—B, this is alternatively written
as

Q) = 6(u) + 2 F/(w) 6(u— w)

+2 F*(u) G*(u) 6(u — u) (%)

and
F/(u) = iodzT(u) [c, f,(u) + cpfp(w)], (6)
Fe(u) = iodzT(u) [ f(u) — fp(w)], )

where G*(u) is the factor composed of the geometrical
structure factor, 7'(u) the temperature factor, f(u) the
scattering factor, and c¢ the unit-cell content. The
subscripts indicate the constituent atoms 4 and B.

For a periodic object, we have a one-dimensional
representation,

Vo (h) =2 ¥, (h—h)P(h—R)} Qh").  (8)
o

The wave function for a superlattice reflection at the
nth slice is written by three partial sums E |, E, and E,,

Y5 (H + h)
=El + E2 + E3
=>W¥ (H+h—h)PH+h—H)QH)
-

+> ¥ (H+h—H')PH+h—H')Q/(H')
i

+ 2V ((H+h—h)P(H+h—h)Q ), (9)
h' .

where 24 and Y, imply the summations for funda-
mental and superlattice reflections, respectively. The
first sum E, corresponds to the scattering of funda-
mental reflections at the (n— 1)th slice into the
superlattice reflections at the nth slice with the vector
{U,}. The sum E, is the scattering of superlattice
reflections with the vector {U,}, and the sum E, the
scattering of superlattice reflections into other super-
lattice reflections with the vector {U,}. The structure
factor of fundamental reflections is generally larger
than that of superlattice reflections, i.e.

Q71 > 1051

It is reasonable to assume that the third term of (9) is
negligible in comparison with the sum of the other two,
if |¥5_,(H + h — h')l is sufficiently small. A similar
assumption, neglect of double diffuse scattering, is
adopted by Spence (1978) in a dynamical image
calculation of structure defects. The validity of this
assumption will be discussed later.

(10)
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Based on the above approximation, the wave
function of a superlattice reflection at the first slice is
given as
Yi(H+h)=Q(H+h)

=F(H+ h)G(H + h)
= F*(H + h) G*(h). (11)

At the second slice, it is given as

S(H+ h) =3 W(H+h—h)P(H+ h—h)Qh,)
hy

+> Y(H+h—H)

H,
x P(H + h— H,) Q(H,)
=Y W(H+h—h)PH+h—h)
hy

x Fs(h,)G(h,)
+ S F(H+h—H)G(H+h—H)
X ;l(H +h—H,)Q(H,)

=GOS Wi(H + h—h)
« P(H + h— h,) F5(h,)

+2F(H+h—H)

H,

x P(H + h— H,) @/(H))}. (12)
Here we used a relationship
G*(h,) = G*(H' + h) = G*(h), (13)

(@) ®)

Fig. 2. (@) Atomic arrangement of the superstructure of DO,; type
projected along [010]. Open circles are Au atoms and full circles
are Cd or Zn or Mg atoms. Large and small circles indicate the
atoms at ¥ = 0 and Y = }, respectively. (b) Electron diffraction
pattern of Au,Cd. The incident beam is parallel to the [010]
direction.
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because the superlattice reflections have the same
geometrical structure factor. At the nth slice, the wave
function is generally given as

[

VH+=GCW | 2 ¥V, (H+h—h, )
hy

n—1

x P(H+h—h,_))Fsh,_,)

>V (H+h—H, ,—h, )

+ 2
Hoy | by
n—2
xP(H+h—H,_ ,—h, ;) Fh,_,)
+ ...

+> [Z Y(H+h—H,_ ,...—H,—h))
H, | &
1

x P(H+h—H,_,...—H,— h,) F5(h,)

+YF(H+h—H, ,...—H,—H})
Hl

x P(H+h—H,_,...—H,— H,)

o)

1

X P(H+h—H, ,...—H,) Q'(H,) s.

51,

)
™
4

x P(H +h—H,_) Q/(H,_) ] .
n-1 (14)

This equation shows that the amplitude of super-
lattice reflection is proportional to the factor G*(h). If
the summations are taken over all values of H and A,
the term inside the bracket [ ],_, is dependent on F*(h)
and P(h), but independent of ¥ and Q7. For the
superlattice reflections at nearly the same value of lu,l,
therefore, the relationship between the wave functions
is given as

Yl.:(ul)/ y;;(uu) ~ Fs(ul) Gs(ur)/[Fs(un) Gs(ll”)]. (15)

This implies that the two beams of superlattice
reflection hold a nearly kinematical relationship; the
wave functions have almost the same phase and the
amplitudes proportional to the respective structure
factors. Actually, for the Au,Cd alloy with the
superstructure of DO,; type, the nearly kinematical
relationship has been found between the superlattice
reflections 004 and 110 for the foil thickness up to
about 600 A [Hiraga er al., 1981]. The superstructure
of D0,; type is shown in Fig. 2(a) and the electron
diffraction pattern of Au,Cd is given in Fig. 2(b). The
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above formulation yields a theoretical background for
the observed results.

In this connection, it is worthwhile to consider the
conditions in which the kinematical relationship of (15)
is realized for binary alloys with the superstructure of
DO0,, type other than Au,Cd. With the intention of
changing the value of |1Q%(u)l, we have chosen Au,Zn
and Au;Mg for comparison with Au,;Cd; the value of
IQ*(u)| increases in the order of the sequence of Au;Cd
to Au;Zn to Au;Mg. In the calculation, experimental
parameters such as lattice constants were assumed to
be the same for the three alloys as in the previous paper
(Hiraga et al., 1981). The DO,; structure of Au,Zn
actually exists while that of Au,Mg is only hypothe-
tical for comparison.

In the dynamical calculation described below, we use
the transmission function

q(x,y) = exp liogp(x,y) 4z] (16)

instead of (4) for the weak-phase-object approxi-
mation. We discuss first the validity of neglecting the
third term in (9) for the three alloys. For the 004
reflection, the ratio of absolute value of the third term
to that of the sum of the first and second terms is
shown as a function of thickness in Fig. 3. The ratio for
Au,Cd is less than 0-1 over a thickness up to about
700 A. Consequently, the above assumption is valid for
the alloy foils as thick as 700 A. In this range, the ratio
of the amplitude of 004 reflection to 101 reflection,
A(004)/4(101), is almost constant and the nearly
kinematical relationship holds, as seen in Fig. 4. For
Au;Mg, contrarily, the deviation from the kinematical
relationship is appreciable even at thicknesses less than
300 A; the dynamical interaction of superlattice reflec-
tions is so strong that the third term of (9) cannot be
neglected even for thin foils. The situation for Au,Zn

|
.01 AugMg

............ Auazn
J | — aucd

|E3|/|E1+E2]

o

. wn

T
e e

0 250 500 %0
THICKNESS ( A)

Fig. 3. Ratio of the absolute value of the third term 1E,l in (9) to
that of the sum of the other two terms {E, + E,| for Au,Cd,
Au,Zn and Au,;Mg as a function of crystal thickness.
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shown in Figs. 3 and 4 appears to be intermediate
between Au,Cd and Au,Mg, being the nearly kine-
matical relationship held up to 500 A.

The kinematical relationship of (15) is valid only for
the superlattice reflections with |lu'{ ~ lu”l. Fig. 5
shows the ratio of amplitudes of the 004 reflection to
the 103 and 105 reflections for Au,Zn as a function of

. 30;
)
< — T AugMg
’\? AU;ZH
s Au;Cd
<«
w20} !
o I
e |
= J
a P N
T = ALl e
< ' ]
'j ’
Wiot
2
-
w
s 4
-0 250 500 750 1000

THICKNESS ( A )

Fig. 4. Relative amplitude of superlattice reflections of 004 and 101
reflections for Au,Cd, Au,Zn and Au,Mg as a function of crystal
thickness.

30 A(004)/A(105)

n
(=]

A(004)/A(103)

RELATIVE  AMPLITUDE
5

05 250 500
THICKNESS ( A)

Fig. 5. Relative amplitude of superlattice reflections of 004, 103
and 105 reflections for Au,Zn as a function of crystal thickness.
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crystal thickness. The deviation from the kinematical
value is noticeable for 004 vs 105 as compared with
004 vs 103 as well as 004 vs 101.

I1. Formation and calculation of superstructure
images

On the basis of the above results, let us consider the
contrast of superstructure images. The amplitude
distribution in the superstructure images is given by

y(x,p) =2 % P, (hk) exp lix(hk)]
h k

x exp [27i(hx/a + ky/b)]. an

Here y(h,k) is the phase change due to the transfer
function of the objective lens, i.e.

x(h k) = (/DL 4f22[(h/a)? + (k/b)?)
—4C, A*[(h/a)* + (k/b)*1%},  (18)

where 4f is the defocus value and C; is the spherical
aberration coefficient. It is alternatively given as

W(x’y) =A (0,0) €xp [i9(0,0)]

X {1+ 3 > R(h,k) exp lid(h,k)]

h k
(h.k+#0)
x exp lix(h.k)] exp [2mi(hx/a + ky/b)]],

(19)

and
R(h,k) = A(h,k)/A(0,0).

Here A(h,k) and A(0,0) are the amplitudes of the
diffracted beam hkO and the transmitted beam,
respectively, and A(h,k) is the phase difference between
the two beams,

A(h,k) = 6(h,k) — 6(0,0). (20)

If y(h,k) is equal to 7/2 in the optimum conditions, then
(19) is given as

w(x,y) = 4(0,0) exp [i6(0,0)] [1 + 22 R(hk)
(hk£0)
x exp {iln/2 + A(hk)}

x exp [2ni(hx/a + ky/b)]) . 21

This holds approximately in a wide range of the spatial
frequency 0-20—-0-49 A~! for the 1 MV electron micro-
scope as seen in Fig. 6; important beams of the
superlattice reflections for the DO,, structure are all
involved in this range.

HIGH-RESOLUTION IMAGES OF ORDERED ALLOYS

The above equation indicates that the image contrast
depends on the phase difference 4(h,k). When the
kinematical relationship of (15) is satisfied among the
superlattice reflections, the intensity distribution of the
image I(x,y) is approximately given as

A%0,0) [1 — ¢, 9y (—=x, =) = —c] @;(—x, —p) + ¢,
A(hk) = e(h,k) + n/2
A4%0,0) [1 + ¢, pi(=x, —p)] = ¢} p,(x.p) + ¢,

A(h,k) = e(h,k) — 1/2 (22)

where ¢,, ¢}, and ¢, are positive constants, and e(h,k) is
the phase of the structure factor for k0 reflection. If
there is a center of symmetry, &(h,k) equals O or 7.
Further, ¢, and ¢} are written as

for

95(x,9) = - 2. 2 Fs(h,k) G*(h,k)
icdzab n &
x exp [—2mi(hx/a + ky/b)), 23)
and
0 (x,y) == 2. 2 Fs(hk) G*(h,k)
icdzab 'y &
{hk20)
x exp [—2mi(hx/a + ky/b)]
= ¢,(x,y) — 0, (24)

where ¢ is the mean potential.

When the transmitted beam is absolutely extinct at a
certain thickness as the result of dynamical inter-
actions with diffracted beams, we may write the
amplitude distribution of the image as

w(x,y) =2 > A(hk) exp {iln/2 + O(hK)]}
h k

x exp [27i(hx/a + ky/b)]
~ ¢y 0l (—x, —y), (25)

where c; is a constant. Thus the intensity distribution of
the image is given by

I(x,y) = le; 12 Loy (—x, —=p))2

ol 02 03 04 os/\ms /\ | id

(&)

(26)

cos(T/2+2)
[=]

004 101 103 105

-10

Fig. 6. Real part of the transfer function, cos|[z/2 + y(u)l. at
Scherzer condition, for 4 = 0-00872 A, C, = 11 mm and 4f =
1100 A.
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From the above argument, we conclude that the
image intensity depends linearly on ¢ (—x,—y) when
the transmitted beam is strong, while it is proportional
to [pi(—x,—y)]* when the transmitted beam is very
weak. Hereafter, the former is called case I and the
latter case II.

It is of interest to compare the images for cases I and
IT of the Au;Zn alloy. The thicknesses which corre-
spond approximately to each case are indicated in Fig.
7, which shows the amplitude and phase of the
transmitted beam and the 004 reflection as a function
of crystal thickness. As shown in Fig. 7(a) and (), the
amplitudes oscillate markedly at a period of about
500 A; case I is realised at thicknesses of about 400
and 850 A, and case II at about 230 and 700 A.

Before the images for the two cases are presented,
the calculated results for one-slice thickness (8:24 A)
are shown in Fig. 8. In the image calculation, the
Scherzer focus condition (Scherzer, 1949) and the

1.0

0.5}

AMPLITUDE

0 250 500 750 1000
05
w [
o
=) ®
5
% 0.25}
o 750 500 750 1000

PHASE

A " " A,
250 500 750 1000
THICKNESS ( A)

Fig. 7. (@) Amplitude of the transmitted beam of Au,Zn as a
function of crystal thickness. Arrows indicate crystal thicknesses
corresponding to cases I and II. (b)) Amplitude of 004 reflection
of Au;Zn. (c) Full and dotted lines indicate phase #(h) and phase
difference 4(h) of 004 reflection of Au,Zn, respectively.
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perfect temporal and spatial coherency are provided. In
the image of Fig. 8(a), the Zn atom positions appear as
bright dots. The intensity profile I(x,y,) agrees well
with the curve of —¢,(x,y,) given by (23) as shown in

y pedebis L 7eBRAS/ /e s0tertertestteottitssest
00064084 . LoaEES. | [eseteeetetitiossettiitteess
:..l o+ royiigd //'m'//'Ol..l“‘l’lltml!l"“
se Leneamse. e Teve
0o/, IooBbRn .. it ()]
P seersetibidierreigitbipirrrild
y1 SIOOLLEOIOIEIIININNS e/, Tsstihas] 7
X
101
l(x.Y|)
[\R-14 )
0 X
1
004
(©
101
—
£ ¢ R
0005 0010 i os/so o.}as
105
103
101
I(x,y,)
@
oSt
ol

Fig. 8. (a) Calculated image of Au,Zn at 8-24 A. (b) Intensity
profile I(x,y,) of the image (a) compared with —¢(x,y,) which is
marked with a dotted line. (c) Amplitude—phase diagram at
8.24 A (R: real, I: imaginary). (d) Intensity profile I(x,y,) of the
image contributed from only the superlattice reflections. Dotted
line indicates [¢,’ (x,y)]2
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Fig. 8(b). The amplitude—phase diagram at this
thickness is given in Fig. 8(c), which shows that the
phase difference between the superlattice reflections
and the transmitted beam is almost 7/2 or —n/2. The
intensity profile of Fig. 8(d) is calculated by omitting
the transmitted beam, which coincides well with that of
[@!(x,,)]% The intensity profile is much sharper than
in Fig. 8(b).

uuuc:. (a)

)

000

004

\ (d)
103
W5 a2 04i Si_
000
o)}

R

Fig. 9. (a) Calculated image for case I of Au,Zn at 396 A. (b)
Intensity profile 7(x.,y,) of the image (a). (¢) Amplitude—phase
diagram at 396 A. (d) Amplitude—phase diagram at 857 A
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(a) Casel

As an example of case I, the image and the intensity
profile I(x,y,) at 396 A thickness are shown in Figs.
9(a) and (b), respectively. The Zn atom positions
appear as dark dots, and I(x,y,) is in reverse contrast
to Fig. 8(b). This is easily understood from the
amplitude—phase diagram of Fig. 9(c), which indicates
that the phase difference A(h,k) for the 004 and 101
reflections is nearly —n/2; i.e. out of phase from the
case of very thin crystals. At 857 A, nearly the same
result is obtained, although the deviations from the
kinematical relationship are more appreciable than at
396 A, as seen in Fig. 9(d).

(b) Casell

Fig. 10 shows the calculated results at 231 A. In this
case, the Zn atom positions appear as bright dots, as
seen in Fig. 10(a). The I(x,y,) curve of Fig. 10(d) is
almost the same as the case of the very thin crystal of
Fig. 8(d). Note in Fig. 10(c) that the transmitted beam
is absolutely extinct.

The interpretable images are not obtained generally
at thicknesses intermediate between cases I and II,
since the appropriate conditions for the superstructure
images are not satisfied.

IV. Concluding remarks and summary

In the above argument, we have ignored the contri-
bution of fundamental reflections to the superstructure
images. However, some beams of the fundamental

Yy
Mo, 6400088 oty (a)
y1 siesee £56000005 /- SLESAEAILILIEALILELEOIIREIIA
X

10
Hxy)

05

0 X

Fig. 10. (a) Calculated image for case II of Au,Zn at 231 A. (b)
Intensity profile I(x,v,) of image (a). (¢) Amplitude—phase
diagram at 231 A.
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reflections pass through the objective aperture in the
high-resolution observations, and these beams play
important roles for imaging the fundamental f.c.c.
structure but not for distinctive recognition of con-
stituent atoms in the superstructure images. When these
beams are extinct, largely by spherical and chromatic
aberration effects, the images can be interpreted
straightforwardly in terms of the superstructure, as
seen in Figs. 8, 9 and 10. On the other hand, direct
interpretation is not always possible when the funda-
mental reflections are not extinct; no kinematical
relationships exist generally between the fundamental
reflections and the superlattice ones. Careful com-
parison of the observation with calculation based on
the dynamical scattering theory is necessarily import-
ant in such cases.

Also, we should be cautious in interpreting the
images of ordered alloys of which the superlattice
reflections are fairly strong, because the dynamical
interaction among them cannot be neglected. This is the
case in Au;Mg, where the kinematical relationship fails
for very thin foils (Figs. 3 and 4). Nevertheless, the
conclusions may be summarized as follows.

(1) The superstructure images of binary alloys are
observable at certain thicknesses when some super-
lattice reflections with almost identical magnitudes to
the reciprocal-lattice vectors have nearly kinematical
relationships; the phases of these reflections are nearly
the same and their amplitudes are proportional to the
structure factors. The situation holds even at the
thickness where the transmitted beam is absolutely
extinct.

(2) The above condition is retained at thicker foils
when the ordered alloy has a smaller difference in the
scattering factors of constituent atoms; the limiting
thickness decreases in the order of the sequence of
Au,Cd to Au,Zn to Au;Mg for the superstructure of
DO, type.

(3) The superstructure image taken only with the
kinematically related superlattice reflections reflects the
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difference in potentials of the constituent atoms
projected along the incident beam. The images corre-
spond to difference Fourier syntheses.

(4) When the amplitude of the transmitted beam is
relatively large, the image contrast depends sensitively
on the phase difference between the superlattice
reflections and the transmitted beam. The reverse of
contrast with the change in crystal thickness is
interpreted in terms of the amplitude—phase diagram.

The author wishes to thank Professor M. Hira-
bayashi for valuable discussion and advice throughout
the work. Thanks are also given to Dr K. Hiraga for his
meaningful comments on the manuscript.
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